Abstract-The experimental study of two kinds of electrical circuits, a domino ladder and a nested ladder, is presented. While the domino ladder is known and already appeared in the theory of fractional-order systems, the nested ladder circuit is presented in this article for the first time. For fitting the measured data, a new approach is suggested, which is based on using the Mittag-Leffler function and which means that the data are fitted by a solution of an initial-value problem for a two-term fractional differential equation. The experiment showed that in the frequency domain the domino ladder behaves as a system of order 0.5 and the nested ladder as a system of order 0.25, which is in perfect agreement with the theory developed for their design. In the time domain, however, the order of the domino ladder is changing from roughly 0.5 to almost 1, and the order of the nested ladder is changing in a similar manner, from roughly 0.25 to almost 1; in both cases, the order 1 is never reached, and both systems remain the systems of non-integer order less than 1. Both studied types of electrical circuits provide the first known examples of circuits, which are made of passive elements only and which exhibit in the time domain the behavior of variable order.
I. INTRODUCTION TO FRACTIONAL CALCULUS

F
RACTIONAL calculus is more than 300 years old topic, which during recent decades became a powerful and widely used tool for better modeling and control of processes in many fields of science and engineering [1] - [5] . The term "fractional calculus" has some historical background and is used for denoting the theory of integration and differentiation of arbitrary real (not necessarily integer) order. The standard notation for denoting the left-sided fractionalorder differentiation of a function defined in the interval is , with . Sometimes a simplified notation or is used. In some applications also rightsided fractional derivatives are used, but in the present article we will use only left-sided fractional derivatives. Even from the notation one can see that evaluation of the left-sided fractional-order operators require the values of the function in the interval . When becomes an integer number, this interval shrinks to the vicinity of the point , and we obtain the classical integer-order derivatives as particular cases.
There are several definitions of the fractional derivatives and integrals, of which we need only the following two.
The Caputo definition of fractional differentiation can be written as [1] (1) where is Euler's gamma function. Above Caputo definition is extremely useful in the time domain studies, because the initial conditions for the fractional-order differential equations with the Caputo derivatives can be given in the same form as for the integer-order differential equations. This is an advantage in applied problems, which require the use of initial conditions containing starting values of the function and its integer-order derivatives . The formula for the Laplace transform of the Caputo fractional derivative (1) has the form [1] (2) If the process is considered from the state of absolute rest, so and its integer-order derivatives are equal to zero at the starting time , then the Laplace transform of the th derivative of is simply . The second definition, which we need, is the definition of the left-sided Caputo-Weyl fractional derivative
The Fourier transform of is simply . The Caputo-Weyl definition must be used in the frequency domain studies of fractional-order systems. The Caputo-Weyl derivative 1063-6536/$31.00 © 2012 IEEE can be considered as the Caputo derivative with . In other words, the Caputo definition allows the study of the transient effects in fractional-order systems, which were initially at the state of rest, while the Caputo-Weyl definition allows the study of frequency responses of such systems.
Fractional-order models have been already used for modeling of electrical circuits (such as domino ladders, tree structures, etc.) and elements (coils, memristor, etc.). The review of such models can be found in [6] - [8] .
Let us consider, for instance, a capacitor as a basic element of many circuits. Westerlund The relationship between the current and the voltage in a capacitor is described using fractional-order integration (5) Then the impedance of a fractional capacitor is (6) Ideal Bode's characteristics of the transfer function for a real capacitor (6) are depicted in Fig. 1 .
General characteristics of the transfer function of a real capacitor (6) are as follows [10] .
• Magnitude: Constant slope of dB/dec. • Crossover Frequency: A function of .
• Phase: Horizontal line of . Besides this fractional-order capacitor model, we can mention the new fractional-order models of coils [11] , memristive systems [12] , ultracapacitors [13] , [14] , and the element called fractor [15] . Such elements can be combined with classical passive and active elements for creating various types of electrical circuits.
Among the aforementioned fractional-order elements, the fractor is of special interest, because it is known that the order of fractor slowly changes in time with aging of chemical materials of which it is composed [16, Table I ]. In other words, fractor is an example of an element of variable non-integer order. Such variable-order behavior of the fractor was experimentally studied in [16] . In this paper we demonstrate that variable-order behavior can be observed in a wide class of ladder-type circuits composed of standard passive elements. 
II. FRACTIONAL DEVICES AND FRACTANCE
Besides simple elements like a capacitor, electrical circuits of more or less complex structure were studied by many authors. The review of most of the previous efforts can be found in [6] . A circuit that exhibits fractional-order behavior is called a fractance [1] .
A. Fractances
The fractance devices have the following characteristics [17] . First, the phase angle is constant independent of the frequency within a wide frequency band. Second, it is possible to construct a filter having a moderate characteristics which can not be realized by using the conventional devices.
Generally speaking, there are three basic types of fractances. The most popular is a domino ladder circuit network [22] . Another type is a tree structure of electrical elements [17] , and finally, we can find out also some transmission line circuit (or symmetrical domino ladder [18] ).
Design of fractances having given order can be done easily using any of the rational approximations or a truncated continued fraction expansion (CFE), which also gives a rational approximation [19] , [20] . Truncated CFE does not require any further transformation; a rational approximation based on any other methods must be first transformed to the form of a continued fraction; then the values of the electrical elements, which are necessary for building a fractance, are determined from the obtained finite continued fraction. If all coefficients of the obtained finite continued fraction are positive, then the fractance can be made of classical passive elements (resistors and capacitors). If some of the coefficients are negative, then the fractance can be made with the help of negative impedance converters [6] , [19] .
It is worth mentioning also the constant phase element (CPE), which exhibits the fractional-order behavior as well. It is a metal-insulator-solution or metal-insulator-liquid interface used in electrochemistry. CPE interprets a dipole layer capacitance [21] . The impedance of CPE is expressed as and CPE cannot be described by a finite number of passive elements with frequency independent values.
B. Traditional Domino Ladder (Half-Order Integrator)
Several different algorithms for approximation the fractional order integrators are currently available [6] , [22] - [26] . Most of them are based on some form of approximation of irrational transfer functions in the complex domain. The commonly used approaches include the aforementioned CFE method and its modifications, or representation by a quotient of polynomials in in a factorized form.
The main disadvantage of these algorithms is that the values of electrical elements (like resistors and capacitors) needed for the approximation are not the standard values of elements produced by manufacturers. However, it is still possible to obtain highly accurate and practically usable implementations of a fractional-order integrator using only standard elements with the standard values available in the market. The idea of this practical approach to implementation of fractional-order systems is based on the domino ladder structure.
The domino ladder circuit shown in Fig. 2 has the following impedance: (7) where . In the ideal case of infinite realization, (7) gives a half-order integrator; a truncated realization gives its approximation.
The domino ladder circuit can be also considered as a model of a semi-infinite RC line, which is described by the following partial differential equations [27] , [28] : (8) (9) where is the voltage and is the current at point at time instance .
This can be rewritten as (10) From this equation a relationship between the current and voltage at the beginning of the semi-infinite RC line can be obtained in terms of half-order integral; in the Laplace domain it has the following form:
where and are the Laplace transforms of and .
C. Domino Ladder With Alternating Resistors
For building accurate analog approximation of the half-order integrator using easily accessible elements available in the market, the approach presented in Fig. 3 can be used.
Based on the observation made in [29] , we can formulate the following design algorithm. a) Choose the values of and in order to obtain the required low frequency limit. b) Choose value of in order to satisfy the condition . This condition allows to select those values of resistors that are available as manufactured. c) Choose the ladder length (number of steps in the domino ladder) in order to obtain the desired frequency range of approximation.
D. Enhanced Domino Ladder for Half-Order Integration
The modified ladder with two alternating values of resistors performs better than the classical domino ladder, but the phase shift is still equal not to 45 , but to approximately (45 achieved only at very short frequency range).
To further improve the accuracy of approximation, let us modify the structure of the domino ladder in such a way that there are not only two values of resistors, but also two values of capacitors are used (see Fig. 4) . Fig. 5 presents the experimental results for the enhanced domino ladder for half-order integration with the following parameters of the circuit presented in Fig. 4: 330 nF, 220 nF, and the number of steps in the ladder is equal to . The results are compared with the realization presented in Fig. 3 . It is obvious that the phase plot of the enhanced ladder is indeed is much closer to the 45 than in the case of the classical domino ladder. 
E. New Type of Fractances: A Nested Ladder
Based on the previous results, we can easily extend them to build a fractional order integrator of order 0.25. This can be done by replacing the capacitors in the scheme in Fig. 3 by halforder integrators, which can be either classical domino ladders or enhanced domino ladders. This step can be interpreted as an introduction a half-order dynamics into the (9) . This results in a transfer function of order , which corresponds to a quarter-order integrator.
In Fig. 6 the scheme of the approximation of a quarter-order integrator is shown; are the impedances of modified or enhanced domino ladders implementing half-order integrators.
In the same way (namely, by replacing impedances with ) an integrator of order and so forth can be built, but this will need a large number of elements.
We call such a structure of electrical circuit the nested ladder. The nested ladder is an example of using the ideas of self-similarity and fractality for creating electrical circuits exhibiting non-integer order behavior.
III. DATA FITTING USING THE MITTAG-LEFFLER FUNCTION
In order to obtain a model for the measured data from the considered electrical circuits (ladders and nested ladders), we have developed a new approach to data fitting, which is based on using the Mittag-Leffler function and which, in fact, allows obtaining models of non-integer order.
The idea of our method is based on the following. When it comes to obtaining a mathematical models from measurements or observations, it is a common practice in many fields of science and engineering to choose the type of the fitting curve and identify its parameters using some criterion (usually a least squares method). We would like to point out that choosing a particular type of a curve means that, in fact, the process is modeled by a differential equation, for which that curve is a solution.
For example, fitting data using the equation (known as linear regression model) means that the process is modeled by the solution of a simple second-order differential equation under two initial conditions (12) Similarly, the fitting function in the form means that the process is modeled by the solution of the initial value problem of the form (13) Choosing the fitting function in another frequently used form, , means that the process is modeled by the solution of the initial value problem (14) Thinking in this way, we conclude that instead of postulating the shape of the fitting curve it is possible to postulate the form of the initial-value problem and identify the parameters appearing in the differential equation and in the initial conditions. For the first time this method was suggested and used in [1, Ch. 10] . In this paper we, however, just emphasize that obtaining a fitting function for measurements of a dynamic process immediately means that that process is described by an initial-value problem of which is the solution. In the present article the measured data are fitted by (15) where is the Mittag-Leffler function defined as [1] (16)
The parameters to be identified are , and . If the data are fitted by the function (15) , then this means that they are modeled by the solution of the following initial-value problem for a two-term fractional-order differential equation containing the Caputo fractional derivative of order : (17) IV. EXPERIMENTAL RESULTS
A. Experimental Setup
For the experimental verification of the introduced method, the circuits presented in Section II were built. For measurements, the modified domino ladder circuit and the nested ladder were connected to the amplifier electronic circuit of the operational amplifiers TL071 and to the dSpace DS1103 DSP card connected to a computer. The real laboratory setup is shown in Fig. 7 and detailed view of the ladders is in Fig. 8 .
The electronic scheme presented in Fig. 9 uses two operational amplifiers. The first one is working in the integrator configuration and the second one is working in the inverse unit-gain for compensating the signal inversion of the integrator amplifier. The resistor can be used for changing the gain of the integrator and it was chosen to 3.3 k in order to keep a gain equal one. The is an input and is an output of the integrator system. 
B. Modified Half-Order Domino Ladder Measurements
The tested circuit has the following parameters of the circuit presented in Fig. 3: 470 nF, and numbers of steps in the ladders was taken first and then . The sampling period was 0.0001 s. The manufacturing tolerance of the elements used for making such ladders is 1% for resistors and 20% for capacitors. As it can be seen in Figs. 11 and 12 , the obtained experimental results fully confirm the theoretical considerations and simulations.
C. Quarter-Order Domino Ladder Measurements
The tested circuit has the following parameters of the circuit presented in Fig. 3 : 470 nF and realization length equal , that is 14 sub-ladders with 14 steps each. The sampling period was 0.0001 s. The manufacturing tolerance of the elements used for making such ladders is 1% for resistors and 20% for capacitors. As it can be seen in Figs. 13 and 14 , the obtained experimental results confirm the theoretical considerations and simulations. A little deviation in the time domain is due to small number of the nested ladder steps, which can be also observed in the frequency domain (only two and half decades approximation).
V. VARIABLE-ORDER BEHAVIOR
If the measurements are obtained for the fixed interval , then fitting using the Mittag-Leffler function (15), described in Section III, immediately gives the model (17) of fractional order . However, if we consider the changing length of the interval, then the resulting order of the model will be, in general, a function of this changing interval length :
. The same holds for other two parameters.
In our experiments we considered the growing number of measurements that are used for fitting the measured data. We increment the length of the time interval by 1 s within first 5 s, and then use the increment of 5 s up to 100 s. This allowed us to better examine the time-domain response of the considered circuits (discharge of both ladders), connected as in Fig. 10 , near the starting point , and also their time-domain responses in long run, which was in our case the interval up to 100 s. Discharges of the 60-steps domino ladder, 130-steps domino ladder, and nested domino ladder are depicted in Figs. 15-17 , respectively. The sampling period was 0.01 s for all measurements of the discharges used for the computations.
The results of these computations are presented in Table I and in Figs. 18 and 19 .
The method of data fitting using the Mittag-Leffler function is implemented as a MATLAB routine [30] , and the Mittag-Leffler function is computed also using our MATLAB routine [31] . VI. DISCUSSION Our main conclusion is that both the domino ladder and the nested ladder exhibit dual behavior in the frequency domain and in the time domain. In some frequency range or in some time interval they behave as fractional-order integrators of (almost) constant order. Outside of that frequency range or outside of that time interval they behave as variable-order integrators; in one case that variable order depends on frequency, in the other case it depends on the time.
The domino ladder behaves as Caputo-Weyl integrator of constant order in a certain frequency range in the frequency domain. This means that in that frequency range it simply shifts the phase by . The frequency range where this behavior is observed can be made larger by increasing the number of steps in the domino ladder. Outside of this frequency range the domino ladder behaves as a variable-order system, where the order depends on the frequency, as one can conclude directly from the Bode plots.
At the same time, in the time domain the same domino ladder behaves as an integrator of variable non-integer order, where the order depends on the length of the time interval. Close to the starting time instance , the domino ladder behaves as an integrator of order , and with growing the domino ladder behaves closer and closer to the classical integrator of order 1. It should be mentioned that although the domino ladder order, , tends to 1, the order 1 is never reached. However, in many practical applications it is sufficient to neglect the transient effects for some initial time interval and to assume that for all . The similar observations hold for the nested ladder circuit, which has been introduced in this paper. In some frequency range it behaves as an integrator of order 0.25, and outside of this frequency range it behaves as a variable-order system, where the order depends on the frequency.
In the time domain the nested ladder circuit behaves like a variable-order integrator, with order starting close to 0.25, and then increasing towards 1; the order 1 is also never reached in the considered time interval.
A possible explanation of the behavior of both type of fractances in time domain can be the following. For example, in Fig. 2 , initially the capacitors are not charged and the initial impedance is just that of the first resistor. As the capacitors get charged sequentially, the impedance looks like , then and so on. At very long times, the charged capacitors act as very high impedance, overwhelming the contribution of the resistors. So, the system tends asymptotically toward an exponent of 1.
The frequency range and the time interval, where the order of the nested ladder is close to 0.25, can be extended by increasing the number of levels of the ladders in the nested structure, and by increasing the numbers of steps in those ladders.
VII. CONCLUSION
In this paper we have presented the experimental study of the two types of electrical circuits made only of passive elements, which exhibit non-integer order behavior. One of them is the domino ladder, which already appeared in the works of other authors on the fractional-order systems. The other one is the circuit that we call the nested ladder and which was introduced in this paper.
For both these types of circuits we demonstrated that they should be considered not just as non-integer order systems, but as variable-order systems, where the order depends either on the frequency (in the frequency domain) or on the time variable (in the time domain).
While in the frequency domain the frequency-dependent variable order is obvious directly from the Bode plots, providing the evidence of the variable-order behavior of the considered circuits in the time domain required some additional tools. Namely, we suggested a method of data fitting with the help of the Mittag-Leffler function, explained a link between such fitting and fractional-order differential equations, and provided the MATLAB routines for such fitting.
The approach to identification of variable-order systems, that we presented in this paper, can be used for creating variableorder models for many other processes.
